GENERICITY OF FRECHET SMOOTH SPACES 



ONDREJ KURKA 

Abstract. If a separable Banach space X contains an isometric copy of every 
separable reflexive Frechet smooth Banach space, then X contains an isometric 
copy of every separable Banach space. The same conclusion holds if we consider 
separable Banach spaces with Frechet smooth dual space. This improves a 
result of G. Godefroy and N. J. Kalton. 



1. Introduction 

In 1968, W. Szlenk ^16^ proved that a separable Banach space which is iso- 
morphically universal for separable reflexive spaces has non-separable dual. Later, 
J. Bourgain [1] proved that such a space is also isomorphically universal for all sep- 
arable Banach spaces. Works of B. Bossard [3 and of S. A. Argyros and P. Dodos 
[I] introduced new ways how to apply descriptive set theoretic methods to univer- 
sality questions in Banach space theory. (For a survey on the subject, see [7], for 
an introduction, see |11|.) 

The techniques from descriptive set theory provide an appropriate approach to 
universality questions indeed. By a recent result of P. Dodos [6l, the following two 
notions of genericity are equivalent for a class C of separable Banach spaces: 

(1) A separable Banach space which is isomorphically universal for C is also 
isomorphically universal for all separable Banach spaces. 

(2) Every analytic subset A of the standard Borel space of separable Banach 
spaces containing all members of C up to isomorphism must also contain an element 
which is isomorphically universal for all separable Banach spaces. 

Note that the isometric analogies of these genericities can be considered (this is 
our case actually). As far as we know, it is not known whether Dodos' result holds 
in the isometric setting. 

The method how to show that a class C is generic was introduced by B. Bossard 
in [3] and based on a previous work [2] . It consists in constructing a tree space such 
that every branch supports a universal space and every well-founded tree supports 
a space from C (this is Theorem lS.ll for us). The existence of such a tree space leads 
quickly to the desired genericity result (this is Theorem 15.41 for us). 

The present paper follows papers of G. Godefroy [1^ and of G. Godefroy and 
N. J. Kalton [13]. It was shown in [1^ that a separable Banach space which is 
isometrically universal for separable strictly convex Banach spaces is also isomet- 
rically universal for all separable Banach spaces. We show in Theorem 15.41 that it 
is possible to consider the spaces with Frechet smooth dual or the reflexive Frechet 
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smooth spaces instead of strictly convex spaces. In particular, the isometric version 
of Bourgain's result is obtained. 

It should be pointed out that our research was motived by [TUl Problem 1] which 
is solved now by ,10, Proposition 15] and Corollary 15.21 We were informed by 
G. Godefroy that a result of A. Szankowski [15 was overlooked in pi]] and |13) . 
It is shown in |15j that there exists a separable reflexive Banach space which is 
isometrically universal for all finite-dimensional spaces. 

A reader interested in the connections between Banach space theory and descrip- 
tive set theory should know that a number of remarkable open problems is stated 
in [12] . We would like to recall that it is an interesting problem to find an isometric 
version of the Argyros-Dodos |!l_ amalgamation theory which would provide small 
isometrically universal spaces for small families of Banach spaces (and which would 
possibly include the result of Szankowski [15)). 

Notions and notation 

Throughout the paper, Banach space means real Banach space (nevertheless, 
the results from Section 2 are valid in the complex setting as well) . If AT, Y, Z are 
Banach spaces such that Z ^ X ®Y, then we identify the dual Z* with X* ®Y* 
via 

(x* +y*){x + y)^ x*{x) +y*{y), x e X,y eY,x* e X*,y* eY*. 

In particular, a functional x* G X* is viewed also as a functional from Z*. We 
usually denote the norm of x* by or by ||a;*||z to indicate the space the 

norm is ment with respect to. 

By N^^ we denote the set of all finite sequences of natural numbers, including 
the empty sequence 0. That is, 

oo 

N<N = (J 

;=o 

where N*^ = {0}. By rj (Z v we mean that rj is an initial segment of i^, i.e., the length 
I of 7y is less or equal to the length of i/ and 77(4) = for 1 < i < L A subset T 
of N^'* is called a tree if 

r]^v kv eT 7] eT. 

The set of all trees is denoted by Tr and endowed with the topology induced by 
the topology of 2'*' . We say that a tree T is ill-founded if there exists an infinite 
sequence 711, n2, ... of natural numbers such that (ni, . . . , Uk) G T for every /c G N. 
In the opposite case, we say that T is well-founded. 

A Polish space (topology) means a separable completely metrizable space (topol- 
ogy). A set P equipped with a tr-algebra is called a standard Borel space if the 
cr-algebra is generated by a Polish topology on P. A subset of a standard Borel 
space is called analytic if it is the Borel image of a Polish space. 

For a topological space X, the set J-{X) of all closed subsets of X is equipped 
with the Effros-Borel structure^ defined as the cr-algebra generated by the sets 

{F eF{X) :FnC/=^0} 

where U varies over open subsets of X. 
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The standard Borel space of separable Banach spaces is defined by 

S8{C{[Q, 1])) = {F e •7^(C([0, 1])) : F is linear}. 
For a system {z^ : r/ £ N^'*'} of elements of a Banach space, we define 

= lim a;,, (if the limit exists) 

where the limit is taken over all finite trees T directed by inclusion. 

The notions and notation we use but do not introduce here are classical and well 
explained e.g. in [9] and [l4] . 

2. Generalized ^^-sum 

In this section, we introduce a sum of Banach spaces which generalizes the com- 
mon i'^-sum in the sense that the summed spaces can have non-trivial intersection. 
This allows to provide our conception of a tree space fProposition l2.7p . 

Definition 2.1. Let (X, || • \\x) and (Yfc, || • ||yfc),A; £ N, be Banach spaces. For 
every A: £ N, let 1| • lljcey^ be a norm on X © Yfc which coincides with || ■ ||x on X 
and with || • on and which, moreover, is monotone in the sense that 

\\x + yk\\x(SY^>\\x\\x, xeX,ykeYk. 

We put 

Ik* + ylWxeY, < 1, < afe < 1, ^ < l}. 

feGN 

We define space (E(X © F^), |1 • ||s) by 

S(X ®Yk) ^ {x + yi + y2 + ■ ■ ■ e X ®Yi ®Y2 ® ■ ■ ■ -.^2 hkWn < 0°}' 

feeN 

IkllE(xen) =sup{|z*(z)| :z* £ A(XffiFfe)}, ze^{X(BYk). 
Lemma 2.2. (A) We have 



max{|lx|U,i(^||y.||^^)' '}< ||x -I- ^ < + 11^^11?-. 

feeN feeN feeN 



1/2 



In particular, {^{X (BYk), \\ ■ ||s) is isomorphic to the standard P-sum of the spaces 
X,Yi,Y2,... . 

(B) The dual norm oj \ \ ■ ||s fulfills 



max{||x1U, (E hlWy.Y'] < \\^* + T.y*4^ ^ \\x*\\x + 2[j2 
feeN feeN feeN 



\yl\\n 



1/2 



Proof. It is sufficient to prove (A) because (B) follows. Let z = x + X^feeN Vk 
where XifeeN llyfelllfc < ^or an element z* of A(Ar © Yk), represented by z* = 
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^* +J2keN'^kyl, we have (note that \\x* + yl\\x®Yk < 1 implies ||a;*||x < 1 and 

MWn < 1) 

\z*{z)\ = x*{x) + ^akyt{yk) 

feGN 

< \\x*\\x\\x\\x + Y.ak\\yl\\Yjyk\\Y, 

feSN 

1/2/^ „ \l/2 



feeN ' 



< 

' keN 



Therefore, 



\^<\\x\\x + {Y.\\ykfn) 



1/2 



Let X* € X* be a functional such that = 1 and x*{x) = Ija^Hx- Wc have also 

\\x*\\xeY, = 1 for each fc e N (as \x*{x' + y'^)\ = \x*{x')\ < \\x*\\x\\x'\\x = \\x'\\x < 
\\x' + y'k\\xeY,). So, X* e A(X © n) and 

||-2||e > X*{z) = X*{x) = \\x\\x- 

Further, let yl G Y^,k e N, be functional such that ||yfe||Yfe = 1/2 and yl{yk) = 

(imiMn- We have \\yl\\xen < 1 (as lylix' + y'k)\ = IvUvk)} < WylhJy'kWn = 
(l/2)||2/;||n < (l/2)(||x'+y^||xey. + II "^^'lUeyJ < \\x' + y'kWxeY,)- If we set 

o^k = (^^\\yj\\Yj) Ibfelln, 



then we obtain 

\\zh > {J2akyt)iz) 
ken 

= Y^oiky*k{yk) 

feGN 

-1/2, 



□ 



Lemma 2.3. Let Px : X ^ X and Py^ : Yfe — > Yfc, fc e N, be projections with 
\\Px + PYk \\x®Yk < 1, A: e N (by Px + Py^ we mean x + yt ^ Pxx + PY^yk). 

(A) The projection 

P : a; + ^ j/fe PxX + ^ Py^yk 

ken keN 

fulfills ||P||s < 1. 

(B) We have 

\\zh(P^XePr^Y,) = \\zh(XBY^), z G ^{PxX © Py^Yk), 
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i.e., for the elements of Yi{PxX © Py^Yk), it does not matter whether we consider 
the norm, \\ ■ ||e with respect to the spaces PxX, Py^Yi, PY2Y2, . . . or the spaces 
X,Yi,Y2, . . . . 

Proof. (A) We prove first the implication 

z*€K{X®Yk) => P*z* e A{X ®Yk). 
So, let z* e A{X © Yk) and let z* be represented by z* = x* + J2keN'^kyk- Since 

\\Pxx* + Pp.yUx^Y, = \\{Px + Pnn^*+yl)\\xeY, 

< \\{Px+PY,r\\x<BYjx*+yl\\xeY, 

< 1, 

we have 

P*z* = P*xx* + ockPY.vl G A(X © Yk), 
ken 

and the implication is proved. 

Now, for z e © Vfe), we obtain 

IIP^IIe = sup {|P*z*(z)| : z* e A{X(BYk)} < sup {|z*(z)| : z* G A(X©n)} = Mi:- 
(B) Let z = Pz G '£{PxX © /V^Yfe). We want to show that r = s where 
r = sup{\z*{z)\:z*eA{PxX(SPY,Yk)}, 

.s = sup{|z*(z)| : z* eA{X(BYk)}. 
Similarly as above, we prove first the implication 

z* G A{PxX ®PY,Yk) ^ z*oPeA{X®Yk). 

So, let z* e A{PxX © PYkYk) and let z* be represented by z* = x* + '^^ken'^kyl- 
Since 

\\x*oPx+yloPy^\\x^y^ = \\{x* +yl)o{Px+Py^)\\x®Y, 

< \\x* + y*k\\PxX®PY^Yk \\Px + Pyu \\x®Yk 

< 1, 

we have 

z*oP = x*oPx + J2 (^ky*k o Py, e A{X © Yk), 
feeN 

and the implication is proved. Now, we obtain 

r = sup{|z*(Pz)| : z* e A{PxX (B Py^Yk)} <sup{|z*(z)| : z* & AiX ®Yk)} = s. 
To show the opposite inequality, we prove first the implication 

Z* e AiX © Yk) ^ Z*\nPxXBPY^Y,) e A{PxX © Py.Yk). 

So, let z* € A{X © Yk) and let z* be represented by z* = x* + J2keN'^kyk- Since 
clearly 

||a;*|pxx + yk\pY^Yk\\pxX(sPY,,Yk < \\x* +yl\\x(sYk < 1, 

we have 

^*|E(PxXeiV,r,) = x*\p^x + o^ky*k\pY,Y^ e A{PxX © Py^Yk), 

feeN 

and the implication is proved. Now, we obtain immediately that s <r. □ 
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Proposition 2.4. Let fc G N. If x <E X and yk G Yk, then 

\\x + yk\\s = \\^ + yk\\x®Y^- 
Similarly, if x* G X* and yl G , then 

\\^* + y*kh = W^* + y*k\\xs>Y,- 

Finally, if x* G X* , then 

\\x*h^\\x*\\x. 

Proof. Let X G N be fixed (A' plays the same role here as k in the proposition). 
For x E X and y^ G Yji, we have 

Wx + yR-h = snp {\z*{x + yK)\ : z* (EA{X®Yk)} 

= sup||x*(x) +aKyK{yK)\ ■■ X* G g Y^, 

\\x* +y*K\\xeY^ <hO<aK< 1} 

= max I sup 1 1 (x* + y*i^){x + yK)\ : ||a;* +yK\\x®YK < l}, 

sup||(a;* +yK){x)\ : Ik* + < l}} 

= max{\\x + yK\\x(BYK,\\x\\x(!)YK} 
= lla^ + yxllxei-K- 

Let Px = idx, Pyk = idy^ and Py^. = for k ^ K. The assumption of Lemma 
12.31 is satisfied due to the monotonicity of the norms || • l|x©Yfc- So, the projection 

P : X + ^yk i-i' X + yK 
feeN 

fulfills ||P||s < 1. Now, let x* G X* and G Y^. For z G T.{X © Ffe), we have, 
using the first part of the proposition, 

\{x*+y*K){z)\ = \{x*+y*j,){Pz)\ 

< \\x* +yK\\x(SYK\\P4x(BYK 

= \\x* +y*K\\xeYAP4^ 

< \\x* +yK\\x(BYK\\z\k, 

and so ||a;* + y^\\^ < \\x* + y}^\\xBYK- The opposite inequality is clear. 

Finally, the inequality — ||a;*||x follows from Lemma [2.2^ 6). □ 

Lemma 2.5. A{X © Yk) is compact in the w* -topology. 

Proof. We prove that A{X (B Yk) is a continuous image of a compact space. We 
define 



{(x*, yr,2/2*, ...)eX* xY{ xY* X---: \\x* + yUxBY, < l}, 

P - {(afe)feGN : < afc < 1, < l}. 

feeF 



K 

B 



If we consider the it;*-topology on the duals X*, Yj*:^2*: ■ • ■ ? then K is compact 
(note that K C Bx- x By^ x By; x . . . , as ||x* + yl\\x®Yk < 1 implies ||x*||x < 1 
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and lly^llYfe < !)■ If we consider the weak topology on then i?^ is compact. It 
remains to check that 

feeN 

is continuous on K x Bp where we consider the w*-topology on the dual of S(X © 
Yk). In other words, it remains to check that (A(-))(2;) is continuous on 
for every z = x + J2keN Vk G S(X © Y^). Let such a 2; be fixed and let zi denote 
X + X]fe=i Vk- Since the functions 

(A(-))(z/) : {{x* ,yl,yl, . . .),{ak)ken) ^ x* (x) + ^akyl{yk) 

k=l 

are clearly continuous, it is sufhcient to show that (A( • ))(z/) converges uniformly 
to (A( • ))(z) as Z -T- 00. We write 

sup \{X{a)){z) ~ {X{a)){zi)\ = sup \z*{z - zi)\ ^ \\z - zi\\s, 

a&KxB+, z*eA(X©yfc) 

which tends to as Z cx). □ 



Lemma 2.6. Let Xi and X2 he subspaces of X such that X — Xi © X2 and let 

c > 0. //, for every A; G N, 

+X2 + yk\\x®Yk > \\xi\\x + c\\x2 + yk\\x®Yk, G -'^1,2^2 S X2,yk e ^fe, 

then 

xi+x2 + '^yk\\ > \\xi\\x +c X2 + yfc|| 

feeN feGN 

for X1+X2+ J2keN ^ ® ^k) where Xi G Xi,X2 G X2,yk G Yk. 

Proof Let xi + X2 + J2ken Vk ^ S(X © Yk) where xi G Xi, 0:2 G X2, yk e Yfe. By 
Lemma 12.51 the supremum in the definition of || ■ ||s is attained. So, we have 

feeN feeN 

for some x* + J^keN'^kyt G A(X © Yk). Let X2 be the Xj-component of x* (i.e., 
X2{x[ + X2) = x*{x'2) for x[ € Xi,X2 G X2). Let xl G X^* be such that ||a;^||x = 1 
and xl{xi) — ||a;i||x- We claim that 



!^ + c(x*2 + J2 ^^kvi) e A(X © Yk 

feeN 



Indeed, for fc G N, we have + c{x2 + yk)\\x®Yk < 1 because, for x'^ & Xi,x'2 ^ 
X2,v'k^Yk, 

\{xl+c{x*2+y*k)){x'^+x'2 + y'k)\ < \xl{x[)\ + c\{x* + y*k){x2 + y'k)\ 

< \\x[+X2 + y'k\\x(i>Y^. 
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Now, we obtain 

a;i + a;2 + ^yfejl > (xl + c(x2 + ^akylj^ (xi + X2 + ^yk^ 
ken feeN ken 

= xl{xi) + c(x*{x2) + '^akyl{yk)) 



fcGN 

X2 + ^yk\ 

ken 



□ 



Proposition 2.7. Let {F, \\-\\f) be a Banach space with a monotone basis {/i, /2, • • • }• 

Then there is a Banach space (E, || • ||) with a basis {crj : 77 G N^'*^} such that 
(a) if (ni, . . . ,ni) G N^'*' and ro,ri, . . . ,ri are scalars, then 



IE 



i=0 



+1 



(b) for every (ni, . . . , ni) £ N^'*', we have 
w/iere 

El, = span{e^ : r] C u or u c 77}, 

(c) the basis {e^ : 77 e N^^} is monotone in the sense that, for every tree T, the 
projection 

Pt ■■ ^ rr,en H> ^ r^e^ 

fulfills \\Pt\\ < 1, 

(d) if I G N U {0} and c; > is a constant such that 

UWf > \\Pl+lf\\F + CiWf - Pi+if\\F, f€F, 

where {Pn)^=i denotes the sequence of partial sum operators associated with the 
basis {/i, /2, ■ • ■ }, then, for every (ni, . . . , n^) G N\ 



77eN<N 



> 



E 



+ Cl 



E 



riC{ni,...,ni) 



'72("i, •••>";) 



^ ^ ^rjCri G -£^ni,. 



Proof. Let L G N. In L + 1 steps, we construct a norm || ■ || on the space E^ = 
(^{H-^). Let e,, denote the element of ^^(N-^) which has 1 on the position r] and 
elsewhere. Let us denote 

E^ = span{e,, : 77 G N-^, rj C i' or v C rj} . 

In the first step, for every (ni, . . . , n^) G N^, we define the norm on Ef^^ „^ by 

L L 

II X]'''^"!'-'"* =||E'''-^»+i 

i=0 1=0 



5^ G 



i=0 



Recursively, for ? = L — 1, L — 2, . . . , 1, 0, we define the norm on the spaces 
En„...,npini,---,ni) by 

(2) E^,,...,n,=^iE^,,...,n,,k), {ni,...,ni)GNK 
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Notice that, by Proposition l2.41 formula ([2]) does not change the norm on the spaces 
....ni k- © preserves the norm where it has been aheady defined. In the 
last step / — 0, the norm is defined on — . 

Further, if T is a tree, then, using Lemma l2.3f A'). one can show by induction 
I + 1^1 that, for Q<1 <L, 



(3) 



E '^"^"^ U ^ni....,«r 

r^GN^-f- (ni,...,n,)GN' 

At the same time, if < < and Qq are as in (d), then, using Lemma [2.61 one 
can show by induction I + \ ^ I that, for li) <l < 



(4) 



E 



> 



E 



riC{ni,...,nig) 



E ^"^"^ U 



Ei 



E 



'J^("i.---."io) 



TjGN^-f' (ni,...,n,)eN' 

Now, consider the above constructed space {E^, \\ ■ ||) for every L e N. We 
identify the space E^ = f{N-^) with its natural embedding to E^"^ = i^{N-^^) 
where K > L. By the norm constructed on E^ fulfills 



E 



< 



r;GF 



77GN<A' 



K 



E/ 

77GN<^ 

Lemma [2.3r B) guarantees that the norm constructed on E^ is the same as the norm 
constructed on E^ restricted on E^ . So, we can define {E, \\ ■ ||) as the completion 
of 



By the norm fulfills in particular 



(5) 



E/ ''^V^V — E/ ''^v^v 



r;GF 



JJGP 



^ rjjEjj e E, L G N. 



Properties (a)-(d) easily follow from ([iJ-Q (concerning (b), we just realize that, 
by (HJ, (O and Lemma IOTB'). we have ||e|| 
E^). 



\eh{E„, for e G En,,...,n, n 



□ 



Remark 2.8. (i) The space (£', || • ||) in Proposition 12.71 is uniquely determined by 
conditions (a) and (b). 

(ii) The subspace of E supported by a well-founded tree T is refiexive. To 
prove this, we can use a similar argument as in the proof of Theorem 15.11 and the 
observation that, for (ni, . . . , ni) £ N^^, 



is reflexive 



Vfc : PTErn....,ni.k IS reflcxive = 

by dnSD and Lemma O 

Since there is an isometrically universal space {F, \\ ■ \\p) with a monotone basis 
(see, e.g., [5l p. 34]), we can use the arguments in the proofs of CoroUarv 15.21 and 
Theorem 15. 41 to prove that refiexive spaces are generic. In other words, if the reader 
wants to know only the proof of the isometric version of Bourgain's result [4], then 
he does not have to deal with the machinery of the following two sections. 
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(iii) The initial data do not have to be the same for every branch. Instead of one 
coUective space (F, || • ||_f) with a monotone basis {/i, /2, . . . }, we can consider a 
space {F"' , || ■ ||_f" ) with a monotone basis {/f , /;f , . . . } for every individual sequence 
a = (ni, 712, ■ ■ ■ ) £ It is just necessary that the right side of the equality 

I I 

II ^ ] fi^ni,...,ni = II ^ ^ 
1=0 i=0 

is independent of cr D (ni, . . . , n;). 

Tree spaces with various subspaces supported by branches were constructed and 
studied by Argyros and Dodos [T] (see also [51 [3] or the survey [?])■ Their concep- 
tion of a tree space provides non-trivial isomorphically universal spaces for several 
analytic families of Banach spaces. 

(iv) One can consider monotone decompositions instead of monotone bases. 

3. Preservation of smoothness 

In this section, we prove that the generalized £^-sum introduced in the previous 
section preserves smoothness of the dual norm fProposition 13 . 6| ) . 

Lemma 3.1. Let X he a Banach space and let A C Bx* be compact in the w* - 
topology such that co'" A = • If the dual norm is Frechet dijferentiable at every 
X* € An Sx', then X* is Frechet smooth. 

Proof. Let a* G Sx* ■ There is a probability measure /i on A such that 

J A 
We have 

1 = ||«1I< / \\x*W{x*). 

J A 

Since [|x*|| < 1 for x* £ A, we have ||x*|| — 1 for /i-almost every x* G A. It follows 
that the dual norm is Frechet differentiable at /i-almost every x* G A. We write 

||a* + Ax*||-f ||a*-Ax*||-2 

iiui n 

Ax'^o ||Aa;*|| 

II Uix* + Ax*)dt,{x*)\\ + H Uix* - Ax*)df,ix*)\\ ~ 2 
Ax'^O ||Ax*|| 
^ ^. /■ ||x* + A:E*|| + ||a;*-A2;*||~2_^ , 

aA.t-^0 ||Aa;*|| ^ 

= 0. 

So, the dual norm is Frechet differentiable at a*. □ 

Lemma 3.2. Let X,Y be Banach spaces and \\ ■ \\ be a norm on X (B Y . Let 
X* + y* e X* ® Y* be such that 

. l = ||x*|| = ||x*+y*||, 

• the partial Frechet differential d/dx* of the dual norm exists at x* , 

• the partial Frechet differential d/dy* of the dual norm equals to at x* +y* . 
Then the dual norm is Frechet differentiable at x* + y* . 
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Proof. It remains to show that the partial Frechet differential d/dx* of the dual 
norm exists at x* + y*. Let F be the partial Frechet differential d/dx* of the dual 
norm at x* . For a fixed e > 0, we show that 

\\x*+y* + Ax*\\ < l + r(Ax*) + (||y*|| + l)e||Aa;*|| 

for every Ax* from a neighbourhood of in X*. Let C > and S > he chosen 
so that 

||Aa;*||<l/C ^ ||.x* + Aa;*|| < l + F(Aa;*) + £||Aa;*||, 
||Ay*||<,5 => ||a:*+y* + Ay*|| <l + (e/C)||Ay*|| 
for Ax* e X* and Ay* G Y* . 
The inequalities 

CIlAx* 



l-CllAx*!! >0, 



rliril<'^ 



l-C||Ax*||' 

define a neighbourhood of in X*. For every Ax* ^ from this neighbourhood, 
we have 

\\x*+y* + Ax*\\ < (1-C||Aj;*||)x*+?/* + (C||Aa;*||)x* + Aa;' 



(l"C||Ax* 
+C|lAa;* 



C^Ax*^ , 
" +^ + 1-C||A.1| ^ 



1 



CIIAa;* 



rAx- 



< {l-C\\Ax*\\)(l + {s/C) 



C\\Ax* 



l-C||Aa;* 



+q|A.1|(l + ^^r(Ax*)+e 
l + r(Ax*) + (||y*|| + l)£||Aa;*||. 



C||Ax* 



-Aa 



□ 



In the remainder of the section, we work with the notation from Definition 12.11 
Note that it follows from the definition of the norm || ■ Us that 

S(s(x©n.))- = co^'HX ® Yk). 
Lemma 3.3. If x* e X*,yl e Y^,k e N, are such that supf.^j^ \\x* +yl\\x(BYk < 
and < ttfc < 1, fc e N, satisfy X^fceN'-'^fe — ^' then 



ke 

X + akyk 

fcGN 



< sup\\x* +yl\\x®Y^ 



Proof. We may assume that 



supllx +2/fel|x©y, = 1- 
feeN 



Under this assumption, we have 

x*+J2(^ky*k eA{X®Yk), 



fceN 



and so 



X + akVk 

feGN 



< l = sup||a;*+y^||x©n- 

s ken 
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□ 



Lemma 3.4. Let the dual of X (BY^ be Frechet smooth for every fcGN. Then the 
dual norm of is Frechet differentiahle at every z* & h.{X(BYk)r\S(Y,(^x®Yk)Y ^ — 

Proof. Throughout the proof, we write simply || • || instead of || • || • \\x and 
II • llxeFfc (this is ahowed by Proposition 12. 4p . We note that all the considered 
spaces are reflexive (by the well-known fact that a space is reflexive if its dual is 
Frechet smooth [21 Theorem 8.6]). 

Let z* G K{X © Yfe) n ^(^(xen))' expressed by 



(6) 



fcGN 



where x* G X*,yl G Y^*, ||a;* + J/^ || < 1, < < l^LfeeN^fc ^ 1- Let moreover 
(7) ||x*l|<L 
Let us show first that 



(8) 



fcSN 



L 



(9) ||a;*+y*|| = l whenafc>0. 
For every t G [0, 1], we have 

(10) ||2;*+iy:.||<l-(l-||x*I|)(l-i) 

(because t n- ||a;* + tyl\\ is convex, t n- 1 — (1 - ||a;*||)(l - t) is affine and the 
inequality is satisfied for i = and t = 1). Assume that ^ is not satisfied. For 
some < i < 1, we have 

2 



E( 



< 1. 



By ^ and Lemma [331 



l = lk*ll = 



E T^tyl) < s.^p 11^* + ty^ii < 1 - (1 - iix*ii)(i - 1), 



fcGN 



fcG 



which is not possible. So, ([5]) is proved. 

Assume that ([9]) is not satisfied. It is sufficient to find another expression of z* 
witnessing that z* G A{X ® Yfe) for which the analogue of ([8|) is not satisfied. For 
some j with aj > 0, we have ||x* + y||| < 1. For some < a^- < aj, we have 



< 1. 



We have 



but 



akVk 



k^3 



So, dU is proved. 
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We assume that the duals oi X ®Yk are Frechet smooth. By (|9]), there is, for 
every k with ak > 0, a point Xk + yk ^ Sxisy^ such that 

(11) \\x* +yl + h*\\=l + h*{xk+yk)+o{\\h*\\), h*eX*®Y:. 
We have 

(12) yUyk)>l-\\x*\\ whenafc>0, 

as yliyk) = (x* + yl){xk + yk) ~ x*{xk) > 1 - l|x*||||xfe|| > 1 - 
We define 



(13) 



The formula defines an element of l^{X®Yk) indeed, due to (fT2|) and the observation 
that l|yfe||y, ^ \\yk\\ < \\xk + yk\\ + \\ - Xk\\ < 2. 

We claim that z is the Frechet differential of the dual norm at z*. For an e > 0, 
we find a (5 > such that 



(*) 



|Az*|| < 6 



\\z* + Az*|| < 1 + Az*{z) + 12e||Az*|l. 



So, let e > be fixed. We will assume that e < 1. We choose a large enough C > 0, 
small enough Sqq > Q,Sq > and S > and a finite S* C N so that 



(14) 

(15) 
(16) 

(17) 

(18) 
(19) 

(20) 
(21) 



11^11) 

S < So < Sqo 
(lOC^ + 8C) • (5, 



00 
1/2 



.1/3 



Xk H yk - z 

ak 



-'o 

rl/3 



> 


34 


INII, 


< 


1, 




< 


e, 




< 


Sqo 




> 





for fc e S", 


< 


1 
2 


for k e S, 


< 


ak 


for k e S, 


< 


£, 





(22) <^ 



keS k h*eX*®Y^ & \\h*\\<^.s 



\\x*+y*k + h*\\ <l + h*ixk+yk) + 



r 15 



■e\\h*\ 



To prove (*), choose 

(23) Az* = Ax* 



keN 



< ||Az*|| < 6, 



where Ax* G X*,Ayl e Y^,*. Note that 



(24) 



(^}_^||Ay:rj <2||A. 

fcgN 



1/2 
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Indeed, we can apply Lemma [2^ B) on Ayl, k G N, and on Az* to obtain 

[Y. WAylW^y^' < (^(2||Ay^||yj2)'^' < 2||A^*||. 

fceN feeN 

We define 

[ Aafe = "'^ Az* (xk + —Vk - z] when ak > 0, 

(25) < VkiVk) \ ak J 

[ Aak = when ak = 0. 

It is easy to obtain from the definition of Aak that 

(26) Ax*{xk)-^y*kiyk) + —Ay*k{yk) = Az*{z) when > 0. 

ak ak 

We have 

(27) Y.akAak=0, 

feeN 

as 



0, 



and 



(28) (^Aa^y/'<c||Az 

feeN 

as (by (Ha), dUl) and ([21) 



1/2 r -sr^ / / 1 >\2ll/2 

-yfe - 2: 



(l-||a:*||)(^Aal)'' < [ ^ (a, Az* (x. + ^ 

fceN afc>0 ' 

< (afcAz*(xfc-z))y^'+[^ (Ay^(y/'' 

Qfc>0 

[5] (afc||Az*||(||:.fc|| + ||z| 

afc>0 

+ [^ (||Ay^||||xfc + y,|| 

< ||Az*||(l+||z||)(^a2,)'^'+(5]||A 



. fe, 

2-| 1/2 

afc>0 

[||Ay^||||xfc + yfc||;'''^' 

1/2 „n1/2 



1/2 



feeN feeN 

< (3+||z||)||Az*|| 

< ^(l-||x*||)||Az* 
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Also, 



(29) |Aafc|<^- """y' and Aa^ < ^ 2 . £|| Az*|| for fc G 5, 



since (by (dH) and ((2T|) ) 

6l"\Aa,\<5y'-^ 



VliVk) 



Az* 



Xk H y/c - z 

oik 



We further define 



(30) 



Pk = Oik + Aoffe when k £ S, 
Pk = ak + Cafcl|Az*|| + C7||Ay*|| when k^S. 



Let us reahze that 



(31) 



13k > ak/2, k e 



This is clear when k ^ S. For /c e 5, we use (|^ and write 



. ^ 1 «fc||Az*|| 1 a,.<5o 1 
ak- Pk = -i-^cxk < - ■ — — < - • -T7T < -"fe- 



2 ^1/3 - 2' 
"0 



It follows from the computations (we use (j8]) and ([22 



fcGN 



= ^/3,^-2^a.Aa, 

feSN feeN 

= ^(afe + Aafc)2 - 2^ «feAafe + ^ (a,- + Cafc||Az*|| + C||Ay^||)' 
fees fceN fc^s 

^a^ + 2^afcAafc + ^Aa^-2^afcAafe 

fcGS fces fees feGN 

+ E + E (K + Ca,||Az*|| + CIIAy^lD' - al) 

k^S k^S 

= 1 - 2 ^ akAak + ^ Aa^ + ^ (c^a^ || Az*|p + C^Aylf 



k(^S 

-2Cal\\Az* 



fees 



fe^S 



2Cafe||Ay^||(l + q|Az*||)) 
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and (we use (Il7|, ^ and ([28]) ) 



I -1 



< 



< 



a?. + C2|lAz*|l2 



fc^s fc^s fees 

+C2(5:i|Ay:,f)+2q|Az*||(^a^; 

k^S kfS 

+2C{1 + C|| Az*||)( ^ al) ll^y^ll'' 



- 1 



k^S 



k^S 



k^S 



< 2<5oo • C||Az*|i + (C||Az*||)2 + C^\\Az*\\^ ■ 

+C^-4\\Az*\\^+2C\\Az*\\-Sl„ 
+2C(l + C||Az*||).(5oo-2||Az*|| 

< [2C + C^ + C^+ AC^ + 2C + 4C(1 + C)] ■ Sqq ■ \\Az*\\ 



that (we use (fTCjl ) 
(32) 



fceN 



<e\\Az*\\. 



In some situations, we apply this in the weakened form 



(33) 



fcgN 



1/2 



< 2. 



To finish the proof of the lemma, we need the following claim. 
Claim 3.5. For each fc G N with /Sk > 0, we have 

* + Ax*+ [^/3|] '^\^y*k + ^Ay^) II < 1 + Az*{z) + 12s\\Az*\\ 



Proof. We consider two cases k G S and k ^ S. 
I. Let k G S. Let us show first that 



(34) 



< 2^I|A^*1|, 



(35) 



/Sfe 
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We verify ^ by the computation (using ([30]), (01]) and ([32]) ) 



Aak 



< 



< 



/3, 



1/2 



- 1 



Aak 



£||Az*|| + 

£||Az*|t + 



ak 
Aak 



ak + Aak 
Aak 



II A * 



< 2£||Az*|| +2- — ^ 



ak 
Aak 



ak + Attfc ak 



< 2e||Az*|| +2- -e||Az* 



and ([55)1 by the computation (using (HH])) 
1/2 afc 



jeN 

< ^-11 A.* 

5 lIAz* 

< - • 



Pk 
1 lIAz* 



1 H ^ 


+ 


Aak 






ak 



2 ^1/3 

1 IIAz*|| 



2 

"0 



2 xi/3 

"0 



Further, 
(36) 



J en 



On 



■^0 



as (by (EOl), (HI, (EH), O, (ESD and ||y^|| < \\x* + yl\\ + || < 2) 



irVk + iT'^yk] ~ Vk 

■ Pk Pk 



< \\Ax* 

< \\Az* 



-^|lAz*||.2 + 2. — .2||Az*| 
^1/3 ak 



lAz* 



.1/3 



||Az*I|. 



It follows from 1^ and ^ that 

jeN 



X* + Ax* 



o y*k + ir^yl 

Pk Pk 



jeN 



Vk -Vk 



{yk) + s\\Az*\\. 
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Hence, we can compute (using ([20]), ([Ml), dH]), §B and ||y^|| < ||a;* 

y*k\\ + \\-x*\\<2) 



X' + Aa; 



< 1 + Ax*{x,) - ^yUvk) + —AyUvk) + e\\Az*\\ 

Ctj, Ctj, 



1/2 



oih Aai. 

Pk 



ak 



< l + Az*(z)+e||Az*|| 

+ U\^z*\\\\yl\\\\x,+y,\\ + - ■ 4E\\Az*\\\\Ayl\\\\x, + y,\\ 

< 1 + Az*{z) + e\\Az*\\ + ^e\\Az*\\ . 2 + — • Az*|| • 2||Az* 



< 1 + Az*(z) + 6£||Az*|| + — • (5^^ • (5^^ • ||Az* 

ak 

< 1 + Az*(z) + 6£||Az*|| + — .ak-e- \\Az*\\ 

ak 

= l + Az*(z) + 12e||Az*||, 

and the desired inequality is proved. 
II. Let k ^ S. Let us show first that 



1/3 I 



(37) <^ 



< 1 



Pk"" ' I3k 
afc(l + (C/2)||Az* 



-•+[I:^^l"(^uiA 

jefi 

By dSni) and we have 



13k 



i/2afc ^ afc(l + £||Az* 
(3k - (3k 



akil + s\\Az* 



afe + Cafe||Az*||+C||A2/*|| 



lAz*|| + -||Ay^| 
Pfc 



< 1, 



and thus we can compute (using (llOp ) 

1/2 afc 



(3i 



-Vk 



< i-(i-iix*ii)(i-[x;/i 

< i-(i-iix*ii)(i- 

< i-(i-iix*ii)(i- 



i/2afe 
- (3k 

afc(l + £||Az*||) \ 
ak{l + {C/2)\\Az* 



(3k 

Now, to prove ([37]), it is sufficient to use the triangle inequality and 
Further, it is clear that 

C||Az*|| <1, 

as Cl|Az*ll < C(5oo < e < 1, and 

/3fc||Az*|| <2afcl|Az*l| + ||A2/:.l|, 
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as /3fc||Az*|| = afe||Az*|| + (C||Az*||)(afc||Az*|| + \\Ayl\\) < a^H Az*|| + a^H Az*|| 
||Ay^||. Hence, we can compute (using (fT4|)) 

(3,{1 + \\z\\)\\Az*\\ + 2\\Ayl\\ < (1 + ||z||)(2a,|| Az*|| + ||Ay*||) + 2||Ay*|| 

= (l + ||z||).2a,||Az*|| + (3+||z||)||Ay:i| 
< (l-||x*||)[(C7/2)afc||Az*||+C||Ay*||] 
= il-\\x*\\)[l3,-a,{l + {C/2)\\Az*\\)] 

and obtain 

(38) (1 + |N|)||A.l + ^WAylW < (1 - ||..l)(l - MlHC/mAz*\\) y 

Pk ^ Pk 

Finally, combining ([57)) and (1551) . we write 

^ Pfe ^ Pk 

< 1 - ||z||||Az*|| 

< 1 + Az*{z) + 12£||Az*||. 
The claim is proved. 

We are going to finish the proof of Lemma 13.41 We put 

^1/2 



□ 



7fc 



N. 



jeN 



By (IT51) . (PU)) and (PT|) . the series of implications 

7fc = ^ /?fe = => Ckfc = : 

and 

7fc=0 ^ = /3fe = afe + Cafe||Az*||+C||Ay^|| ^ Ay^ = 
hold. Consequently, 

7fc = ^ ttfey^ + Ayl = 0. 
Therefore, using Lemma 13.31 and Claim l375l we can compute 



|z* + Az*|| 



^ akyl + Ax* A' 



Vk 



k&i 



k&i 



Ax*+^7.(%;; + -Ay* 

- ^ Ik Ik 



7fc>0 



< sup 

7fc>0 

= sup 



^x* + (^yl + ^Ayl 
^ Ik 7fe 



jeN 



< 1 + Az*(z) + 12£||Az*||, 



and (*) is proved. 



□ 
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Proposition 3.6. Let the dual of X (BYk be Frechet smooth for every fceN. //, 
moreover, there is a constant c > such that 



k eN,x e X,yk e 



Wx + ykWxeY,, > + c||?/fc||y^^, 
then the dual of T.{X © Yfe) is Frechet smooth. 

Proof. In the same way as in the proof of Lemma 13. 4[ we write || • || instead of 
II • lis, II • ||x and || • ||xeVfe- We note again that all the considered spaces are 
reflexive. 

By Lemma 12.51 and Lemma 13.11 it is sufficient to show that the dual norm is 
Frechet differentiable at every z* G A{X ® Yk) n <S'(E(x®Yfc))* • By Lemma it 
remains to show that the dual norm is Frechet differentiable at every z* € A{X (B 
Yk) n S'(s(js:©yfc))«,2* ^ X* + I^fegNZ/fc, for which ||a:*|| = 1. By Lemma [3Jl it is 
sufficient to show that the partial Frechet differential d/d{J2keNyk) '^^ dual 
norm equals to at these functionals. 

So, let z* G A{X © Yk) n ^(^(xeVfc))* be expressed by 



(39) 



feeN 



where x* e X* ,yl G Y^.*, ||a;* + || < 1, < a/c < 1, 1]feeN "fe ^ 1- Let moreover 

(40) 11:^^11 = 1. 

We may assume that afe > for some fc G N (in the other case, we have z* = x*, 
and thus z* ^ x* + I ■ + X]fe>2 ■ is another expression of z* witnessing that 
z* G A(X © Yfc)). Without loss of generality, let 

(41) ai > 0. 

Let X be the partial Frechet differential d/dx* of the dual norm of || • ||x®Fi at x*. 
We have {x* + yl){x) = x*{x) = ||a;*|| = 1 = \\x* + yl\\, and thus x is also the 
Frechet differential of the dual norm of || • ||x©Yi at x* + yl. In particular, 

(42) lla;* +2/1* + 11 = 1 + 0(11^11), h*eY*. 

We have to prove that the partial Frechet differential d/d{J2ket>iyk) '^^ dual 
norm equals to at z*. For an e > 0, we find a 6 > such that 



(**) 



Az*|| < 6. Az* 



feeN 



Ay: 



Az*|| < l + £||Az*||. 



So, let e > be fixed. Choose (5 > so that 

3 

32 

76 



(43) 

(44) h*eY:k\\h*\\ < 

To prove (**), choose 

(45) Az* 



< 1 



76 



■£\\h* 



yfe> 



|Az*|| <<5, 



feeF 



where Ayl G Yj,*, fc G N. It can be shown that 

1/2 

(46) ■" 



(^IIAy^lp) <2||Az*|| 
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in the same way as ([24| in the proof of Lemma 13.41 
Let us reahze that, for each fc S N, 

(47) a*eY^k\\a*\\<c ^ ||a;*+a*|| = L 

Indeed, by the property of c, 

ix*+a*){x + yk)=x*{x)+a*{y^) < + I|a*||||yfc|| < \\x\\+c\\yk\\ < \\x + y,\\ 

ioT X E X and yk G Y^. It foUows that 

lAy^ll 



(48) 



< 1 when aj. 



l^(^a,yl + Ayl'^ 

C 

Indeed, we can compute (using (j47p and assuming Ay^ ^ 0) 
\^(^akyl + Ayt] 



> 0. 



Oik 



ak 



ak 



TT{x* + y*k) + 



ak 



I At 



< 



ak 



ak 



Tw\\^* + y*k\\ + 



ak 



II Ay* II 



\Ai 



-Avl 



< 



ak 



ak 



ak 



Let us define 



f3k = ak + when fc > 2, 



(49) 



Pi 



keN k>2 

We show that /3i is well-defined in two steps. We prove first that 



(50) 



fceN 



k>2 



<-||Az* 



This follows from the computation (we use (|46p and ([49 

,2 



feeN 



k>2 



k>2 k>2 

I At 



fc>2 



fe>2 

2 



c 

1/2 



k>2 



k>2 k>2 

< -.1.2||Az*|| + l(2||Az*||)2. 
c 



,* l|2 



A;>2 



We obtain 
(51) 



k>2 
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since (by (gS]) and ([50 



ken k>2 

It follows now from ([5T|) that (ii is well-defined and 
(52) /3i > ai/2. 

Moreover, 

oil 



(53) 



/3i 



1 



< JLlIAz*! 



as we can compute (using ([50]) and ([S^ ) 



-I 



I 



«f-/3fl< 



I 



Consequently, 
(54) 



/3i(ai+/3i) ' ' - (ai/2)(ai + (ai/2)) c 

76 



lAz* 



32 



.r + ^H + A,r)||<^iiA.ii, 



as we can compute (using dH]), ^ and < \\x* + yj"]! + || - < 2) 



yi* + ^(aiyi* + AtJi* 



< 



< 



Pi 
32 



12/1*11 + -^ II Ayill 
Pi 

Az*|| -2 + — •2||Az* 



(55) 



< I + £||Az* 



3c2a? 

Finally, it follows from (gH) and ([M]) that 

+ Ay* 

Now, using (gSl), (gSl), ([55]) and Lemma [331 we obtain 
||z* + Az*|| - ||x* + 5]a,y^ + ^Ay^ 

fcGN fceN 

= a;* + V ^fc^fafcyfc + Ay^ 

< sup llx* + (a^y^ + Ay^) 

< max|l, a;* + -^(aiy* + Ayj) | 

< l + e||Az*||, 

4. Construction of branches 



and (**) is proved. 



□ 



In this section, we construct the subspace of our tree space supported by one 
branch. The construction provides an improved version of [13l Proposition 2.2]. 
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Proposition 4.1. Let {X, ||-||x) be a Banach space with a monotone basis {ei, 62, . . . 
and its dual basis {el, 63, . . . }. Then there is a Banach space {F, \\ ■ ||) with a mono- 
tone basis {/i, /2, . . . } and its dual basis {/*, , . . . } such that: 

(1) If {Pn)^=i denotes the sequence of partial sum operators associated with the 
basis {/i, /2, . . . }, then 



(2) The norm of F is strictly convex on the linear span of the basis vectors. 

(3) F contains an 1- complemented isometric copy of X. 

(4) span{/j*, /2 , . . . } contains an 1- complemented isometric copy o/span{e|, 62, . . 

The construction is provided in several steps. We introduce some notation first. 
Without loss of generality, we assume that 



By (Qn)^i we denote the sequence of partial sum operators associated with the 
basis {ei,e2, ■ ■ ■}■ By {/i,/2,---} we denote the canonical basis of coo(N), by 
{/r I /I ' • ■ • } its dual basis and by {Pn)^=i the sequence of associated partial sum 
operators. 

We work with the ordered set D from 13J. Recall that D is the set of all pairs 
{n, k) of natural numbers with 1 < k < n ordered lexicographically, i.e., 



Notice that (ES, <) is a copy of (N, <). We make no difference between coo(ID') and 
coo(N), including their canonical bases and partial sum operators. 
We define an operator T : coo(ID) ^ ^ by 



ll/ll>ll^n/||+4 



-ri-1 



||/-P„/I1, /eF,neN. 



||e,||x = l, 1-1,2,.... 



(n, k) < (to, I) n < m or (n — m and k < I). 




{n,k)£a (n,fc)6D 

and, for every {N,K) e D, an operator Unk '■ X cao{3) by 





fc=l {n,k)<{N,K) 

Further, we consider the norm | • | on coo(N) defined by 




Claim 4.2. Let 



OC 




Q;i ^ 0^2 ^ • ■ • ^ Q^n ^ Oj then 



n 




Proof. Set O-ri^i — and apply the triangle inequality on 



n 



n 




□ 



24 



ONDREJ KURKA 



Claim 4.3. (i) If x E X, then \\TUnkx\\x < {I - 4:-^)\\x\\x , {N, K) e B. 

(ii) If X € spanjei, 62, . . . }, then TUnkx x as {N, K) 00. 

(iii) If X & spanjei, 62, ... } and \\ ■ \\ is a norm on cqq{J}) for which sup ||/nfe|| < 
00, then (Unkx)(j^,k)&o o Cauchy sequence with respect to || • ||. 

(iv) If X* G span{e*, ... } and \\ • || is a norm on coo(B) for which sup < 
00, then x*oT is continuous with respect to ||-|| and belongs to spanj/*]^, /|]^, /I2, . . . }. 

(v) ///* e span{/i*i,/2*i,/2*2,...}, then x \irR(N^K)^oo f* {Unkx) defines a 
functional which is continuous with respect to \\-\\x and belongs to spanje*, 62, . . . }. 

Proof. Let 

00 

.T = ^ XkCk e X 
fc=i 

be fixed throughout the proof of (i)"(iii). We write 

3 

Unkx^ ^ ^J,nkfnk where /z„fe = - ■ 2''""Afc. 

{7i,k)<{N,K) 

We compute 

(n,k)<(N,K) {n,k)<{N,K) 
K N ^ Q 



fc— 1 n— A;— n—k 

K N~k N N-k-1 

Ei(E4iA.e.+ E i( E A.e. 



*:=! i=0 k=K+l 1=0 

K N 

fc=l fe=A'+l 



We obtain from Claim 14.21 that 

\\TUnkx\\x < (l-4-^)||a:||x, 

which gives (i). 

Now, if a; g spanjei, 62, . . . }, then there is m e N such that Xk = for k > m. 
Therefore, if > m, then (by the above computation of TUnkx) 



TUnkx = J2(^-4'^~''-'<-^''^''^)\kek. 



k=l 



(where l<(fc, K) = 1 when k < K and l<(fc, K) — when k > K). It is clear now 
that 



TUnkx AfcBfc = X, 



k=l 
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which gives (ii). Further, let || • || be a norm such that C = sup||/„fe|| < oo. If 
{N, K) < (M, L) are two elements of ©, then 



\\Umlx - Unkx\\ 



{N,K)<{n,k)<(M,L) 
[N,K)<[n,k)<(M,L) 



k=l n=N 

which gives (iii). 

To prove (iv), it is sufficient to show that, for fc G N, 

oo 



n=k 



For Z^(„,;)eDMn;/ni € coo(B), we write 
(e^oT)( E /""'/"O = 

(n,OeD 



(n,/)eID) 



n=fe 
oo 



To prove (v), it is sufficient to show that, for (n, k) e D, 

lim f:,^{UMKx) = - -2>'-el{x), x € X. 
Let X = ^k^k € X. When (A'', K) > (n, k), then we can write 



fnkiUNKx) = f:,(l E 2'-™A,/„j) = J . 2'=-"A, 

(m,0<(JV,K) 



= - - 2 



□ 



Claim 4.4. There is a norm \\ ■ \\q on €00(10) such that 

(a) {/ii, /21, /22, . . . } «s a monotone basis with respect to \\ • 

(b) ||/„fc||o < 4/3 and \\f*Jo < 3/2 /or (n, fc) e P, 

(c) \\Unkx\\o < \\x\\x,x e X, (TV, K) e B, 

(d) ||rP„fe/||x < (1 -4-")||/||o,/ € coo(D),(n,A;) € B. 

Proof. We define 

||/||o = max{| sup |/4(/)|, sup ,^-^||TP„fe/||x}, 



/ e coo(»). 



We omit the easy proof of the properties (a) and (d) and of the inequality ||/*i.||o < 
3/2 in (b). To show the inequality ||/nfc||o < 4/3, we need to show that 

^_\_J \TPmlfnk\\x < ^, (m,/) G ©. 
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If (m, Z) < {n,k), then Pmifnk = 0, and the inequahty is clear. If (to, I) > (ri,k), 
then Pmifnk — fnk, and we can compute 

^ \\TP„ufnk\\x < U^PmlfnkWx - h\Tfnk\\x - ^||2^-"efc||x < t 



1-4-"" ""-"'-ii- - 311 3„ 3,, -,,--3 

Let us show (c). Let a; = X^fe^i ^fe^fe ^ To show that ||J7Ar/fa;||o < we 
need to check that, for (n, k) G D, 

l\fnkiUNKx)\ < \\x\\x and \\TP„kUNKx\\x < (1 - 4-")||a;||x. 

We compute (considering Qq ~ 0) 

lAfcl = IIAfeefellx = IIQfca; - Qk-ix\\x < {\\Qk\\x + \\Qk-i\\x)\\x\\x < 2||a;||x, 
and so 

l\f:kiUNKx)\ < ^ • J • 2^-«|Afc| < i|Afc| < \\x\\x. 

Further, 

PnkUNKX = PnkQ ^ 2'-"A,/,„z) 



(mJ)<(JV,i<') 

3 

4 

(m,l)<min{{n,k),(N,K)} 
Uinin{{n,k),(N,K)}X, 



2' ^^Xlfml 



and so, using Claim HT^l i). 

||TP„fe?77v_R-a:;||x = ll?"C^min{(n,fe),(7V,_ft:)}a;||x 

< (1 -4-"""{"'^})||a;||x 

< (l-4-")||a:|U. 

Claim 4.5. W'e W |/| > li^,,/] + (1/2)|/ - P„/|, / e coo(N), n e N. 
Proof. For / = Y^kenP^kfk e coo(N), we compute 

I/I > Ei^''-i + (Em') + E Im'^i 

fc=l A;=l fe=n+l 



l^n/|+ E l/^'^l 



l^n/l + 2 E iM'^l + a E \^'^\ 

/c— n+1 /c— n+1 



-.00 ^00 

> \Pnf\ + ^ E l/^'^l + al E 



/c— n+1 A;— n+1 



1/2 



l^n/| + ^|/-/^„/|. 



□ 



□ 
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Claim 4.6. There are norms \\ ■ \\i,i = 0,1,2,..., on coo(N) such that \\ ■ ||o > 
II • 111 > II • II2 > • ■ • and, for every i e NU {0}, 

(a) {/i, f2, ■ ■ ■} is a monotone basis with respect to \\ ■ 

(b) ||/„||. < 4/3 and ||/*||, < 2(1 - 4-*-i) for n G N, 

(c) \\Unx\\^ < ||a;||x,a; e X,n e N, 

(d) ||rF„/|U < (1-4— '^{"■^+i})||/||„/Gcoo(N),neN, 

(e) for every f e coo(N) and every I < n < i, we have 

\\fh>\\Pnf\U+4-"-'\\f-Pnf\U, 

(f) if i then, for an et > and di defined by 

1 _ 4-i 
' ^ 1-4-^-1' 
we have \\ ■ \\i = • ||i_i + e^l • | on span{/i, /2, . . . 

Proof. We already have || • ||o from Claim fwe just realize that, concerning (d), 
if n G N corresponds to {N, K) G D, then clearly N < n). 
Assume that i G N and that || • ||i_i is constructed. Denote 

F, =span{/i,/2,...,/i} 

and choose a small enough Si > so that 

£>| <4-^-i||a||,_i, aeF,. 

We put first 

(56) \\a\\i ^ di\\a\\i-i + ei\a\, a e F,. 
Let II • ||i be given by 

(57) ^(coo(N),|MU) = C0(B(c(,(,(N),||.|U_i) U B(F.,||.||,)). 

We need to show that the norm || • ||,i given by ([55]) satisfies ||a||i < ||a||i_i, and so 
that ([Ff)) preserves || • \\i where it has been already defined. We show that even 

(58) ||a||, < (l-2-4-'-i)||a||,_i, a G F,. 

Fora G F„ we write ||a||, = d,||a||,_i +£.|a| < (l-3-4-'-i)||a||,_i+4^*-i||a||,_i = 
(l-2-4-^-i)||a||,_i. 

We obtain from IMl) and (l57| that 



(59) d.|l/||.-i < 11/11. < ll/ll.-i, /Gcoo(N). 

We now check that (a)-(f) are satisfied for || • ||i. 

(a) We know that {/i, /2, . . . } is a monotone basis of (coo(N), || • ||i-i) and that 
{/ij/2, ■ ■ ■ ,fi} is a monotone basis of {Fi, \\ ■ ||j) (by ([5S)) ). This means that the 
balls -B(coo(N),|| ||i_i) and ||.||.) have the property that, if they contain /, then 
they contain P„/ for every n G N. The ball _B(coo(N),|| ||i) has the same property 
(due to its definition ([ST]) ). and so {/i, /2, . . . } is a monotone basis of (coo(N), || • ||i)- 

(b) By m, we have ||/„||, < ||/„||,_i < 4/3 and ||/*||, < d-'\\f*\U., < d'^ • 
2(1 -4-(''-i)-i) = 2(1-4-^-1). 

(c) By (EID, we have \\UnX\\i < ||«7„x||,_i < ||a;||jf . 

(d) Let n G N. Since / 1— s- ||TP„/||x is a seminorm, it is sufficient (by ([57)) ) to 
check that 

(60) ||TP„/|U < (1 - 4---^"''+i>)||/ll,„i, / G coo(N), 
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(61) \\TPna\\x < (1 - 4-"-''{"'*+i})||a||„ a G F,. 

The inequality (j60| follows immediately from property (d) for || • To check 

the inequality ((6T|). we consider two cases. Assume first that n < i. Using ((59|). we 
write 

\\TPna\\x < (l-4---'^{"-(»~i)+i>)||a||,_i 
< (l-4-K-i||a||, 
= (f-4--i)||a||, 

^ (1 _4-max{n,i+l})||^||.^ 

and is checked. We have shown in particular that 

||Ta||x = ||TP.a|U<(l-4-(^+i))||a||.. 
Assume now that n > i. We write 

||rP„a|U = ||Ta|U < (1 - 4-(^+i))||a||, < (1 - 4---t"^''+i>)||a||,. 

(e) Let 1 < n < i. Since / i-^ \\Pnf\\i + 4^"^"'^j|/ — PnfWi is a seminorm, it is 
sufficient (by ([57]) ) to check that 

(62) ||P„/||. + 4-"-i||/-P„/||,< /ecoo(N), 

(63) ||P„a|k + 4-"-i||a-P„a||, < ||a||„ a e F,. 

If n < z, then we write (using ((56| . ([59|. Claim 143] and property (e) for || • 

\\Pnfh+^'"-'\\f-Pnf\U < \\Pnf\U-l + ^-"-'\\f - Pnfh-1 < \\fh-l 

and 

||a||i = di||a||i_i + ei|a| 

> d,{\\Pna\U-i + 4-"-i||a - P„a||.-i) + £.(|P„a| + 4-"-i|a - P„a|) 
= ||P„a||, + 4-"-i||a-P„a||,. 
If n = i, then we write (using ([55)) and (ICT)) ) 

IIP./II. + 4-'-i||/ - P./II. < (1 - 2 . 4-^-i)||PJ||,_i + 4-^-1(11/11, + IIPJII,) 

< (1 - 2 . 4— i)||/||._i + 4— + |l/||._i) 
= \\f\U-i 

and 

||P,a|l, + 4-»-i||a - P,a|l, = |la|l, + 4-^-i||0|l, = ||a||,. 

(f) This follows immediately from (|56|) . □ 

Claim 4.7. There is a norm \\ ■ \\ on coo(N) such that 

(a) {/i, /2, . . . } is a monotone basis with respect to \\ ■ \\, 

(b) ||/„|| <4/3 and \\f*\\<2fornen, 

(c) ||C/„x|| < \\x\\x,x£X,neN, 

(d) |lT/||x< |!/|i,/ecoo(N), 

(e) /or every / G coo(N) and every n G N, we /ia?;e 

11/11 > \\Pnf\\+^-''-'\\f-Pnfl 

(f) II • II is strictly convex on coo(N). 
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Proof. We take the norms || • i = 0, 1, 2, . . . , from Claim l4!6l and define 

11/11 = hm \\f\U, f e coo(N). 

l—^OO 

For this norm, (a)-(e) can be easily verified. Let us verify (f). It is sufficient to 
show that, for a fixed n G N, the norm is strictly convex on 

F„ = span{/i,/2, . . .,/„}. 

By property (f) from Claim 321 we have 

II • Hi = a^ll ■ lln-i + A:| • I onF„, i>n-l, 

where 

at = ditti-i, Pi = diPi^i + El, i>n, 
for a sequence e„,£„-(-i, ... of positive numbers. We obtain that 
(64) ||-||=a||-||„_i+/?|-l onF„ 

where 

a = lim ai, (3 = lim Pi. 
It is easy to prove by induction that 



l-4-"-i 



Indeed, we can compute 



1 - 4-"-i 



Pi = + £i > di- ,_t,_,^_^ £n = — — ^-En, i>n+l. 



■i_4-(»-i)-i^" " 

Hence /3 > (1 — 4~"~^)e„ > 0. Now, since [ • | is strictly convex, it follows from ((64)) 
that II • II is strictly convex on i^„. □ 



Proof of Proposition \4-l\ We define F as the completion of coo(N) endowed with the 
norm || • || from Claim 14771 To prove Proposition 14. 11 it remains to show properties 
(3) and (4). Let us show (3). By Claim HTST iii) and property (b) from Claim H771 
we can define 

Ux= lim UnX, X G spanjei, 62, . . . }. 

Let [/ : X — 5- F be the continuous extension of U : spanjei, 62, . . . } F and 
T : F X he the continuous extension of T : coo(N) X. These extensions exist 
by properties (c) and (d) from Claim 14771 Moreover, 

||[/x|| < ||a;||x, xeX, 

l|r/|U< 11/11, f^F 

For X G spanjei, 62, . . . }, we can write, using Claim l473l ii). 

TUx ~ T[ lim UnX] = lim TUnX = x. 
It follows that, for every x £ X, 

fUx^x and ||C/a;|| = ||xl|x 
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(since ||?7a;|| < \\x\\x = \\TUx\\x < ||C^a;||). Now, (3) follows, as UX is an isometric 
copy of X and [/f : F ^ is a projection on UX with \\uf\\<l. 

Let us show (4). Wc know that TU is the identity on X. For x* S X*, we can 
write 

U*f*x*:^x* and \\f*x*\\^\\x*\\x 

(since \\f*x*\\ < \\x*\\x = \\U*f*x*\\x < ||'r*a;*||). By (vi) and (v) from ClaimSJ 
and property (b) from Claim 14.71 we have 

r*span{e*,e2, . . . } C spaS{/i,/2, . . . }, 

U*span{f^, /2 , . . . } C span{ei, . . . }. 

It is clear that even f*X' C F' and U*F' C X' where X' denotes span{ei, 62, . . . } 
and F' denotes span{/j*, , . . . }. Now, (4) follows, as T*X' is an isometric copy 
oiX' and f*U*\F' : F' ^ F' is a projection on f*X' with \\f*U*\F'\\ < 1. □ 

Proposition 4.8. There is a Banach space (F, |j-||) with a monotone basis {/i, /2, . . . } 
and its dual basis {fi, /|, . . . } such that: 

(1) If {Pn)'^=i denotes the sequence of partial sum operators associated with the 
basis {/i, /2, ■ ■ ■ then 

11/11 > ll^,JII+4-"-i||/-P„/||, /GF,neN. 

(2) The norm of F is strictly convex on the linear span of the basis vectors. 

(3) F is isometrically universal for all separable Banach spaces. 

(4) span{/*, /I, . . . } is isometrically universal for all separable Banach spaces. 

Proof. By Proposition 14. 1[ it remains to provide a Banach space {X, \\ ■ \\x) with 
a monotone basis {ei,e2,...} and its dual basis {62,62,...} such that X and 
spanje*, 62, . . . } are isometrically universal for all separable Banach spaces. We 
provide such a space in three easy steps. 

(i) There is a Banach space {Y, \\ ■ ||y) with a monotone basis {2/1,2/2, ■ • ■ } and 
its dual basis (2/1,2/2, • ■ • } such that Y is isometrically universal for all separable 
Banach spaces. Indeed, we can take the universal space Y — C([0, 1]). It was shown 
by J. Schauder that Y = C([0, 1]) has a monotone basis (see, e.g., [51 p. 34]). 

(ii) There is a Banach space (Z, || • ||z) with a monotone basis jzi, Z2, ■ • ■ } and its 
dual basis {zl, Zj, • ■ • } such that spanlzjf, Z2, . ■ ■} is isometrically universal for all 
separable Banach spaces. Indeed, we can consider Z = span{2/i , 2/2, ■ ■ ■},Zi = y* , 
in which case spanjz*, Zj, . . . } is isometric to Y = span{2/i, 2/2, • ■ • }■ 

(iii) Finally, we put X = Y (B Z with the norm 

= ||2/||y + ll^llz, x^y + zeY®Z. 

For the dual norm, we have 

\\x*\\x = max{||2/*||y, \\z*\\z}, x* = y* + z* e Y* (B Z* . 

The sequence 2/1 , 2:1 , 2/2 , ^2 , • ■ • forms a monotone basis of X and the sequence 
2/5°, 2^1 , 2/2, ^2 7 • ■ • forms its dual basis. The requirements on X can be easily veri- 
fied. □ 
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5. Conclusion 

Theorem 5.1. There exists a Banach space {E, II • II) with a basis {e^ : v ^ N<^} 
and its dual basis {e* : rj G N^^} such that 

(a) if ni,n2, ■ ■ ■ is a sequence of natural numbers, then the spaces 

span{e„i,...,„, : k e NU {0}}, 

spaS{e:^_..._„, :/eeNU{0}} 
are isometrically universal for all separable Banach spaces, 

(b) if T is a non-empty well-founded tree, then the dual of 

spanje^ : rj G T} 

is Frechet smooth, 

(c) the basis {e^ : rj G N^'*'} is monotone in the sense that, for every tree T , the 
projection 

Pt ■ ^ rjjCjj ^ r^e^ 

fulfills \\Pt\\ < 1. 

Proof. Let {F, \\-\\f) with a monotone basis {/i, /2, • ■ • } and its dual basis {/i , /2 , • • • } 
be as in Proposition 14.81 Let {E, \\ ■ ||) and {e,, : rj G N<^} be the objects which 
Proposition [Ogives and let {e* : rj G N<'^} be the dual basis of {e^ : ry G N<^}. 
It remains to prove (a) and (b), as our condition (c) coincides with condition (c) 
from Proposition 12. 71 

Let us realize that it follows from (c) that 

(65) l|e*ll = l|e*|p^B||, e* G span{e; : t? G T}. 

Clearly ||e*|| > ||e*|pj,£;||. For every e G E with ||e|| < 1, we have ||PTe|| < 1, and 
so |e*(e)| = |e*(PTe)| < ||e*|p^£;||. Thus ||e*|| < ||e*|p^£;l|. 
For a sequence ni,n2, ■ ■ ■ of natural numbers, we have 
I I 

(66) ||E^^e„„....„,|| = ||^r,/,+i||^, /GNU{0}, 

i=0 i=0 
I I 

(67) \\T.'^^<u...,n.\\ = \\J2'^^f:+l\\^^ i G N U {0} , Tp , ^ , . . . , n G R. 

i=0 i=0 

Indeed, (|66l) is nothing else than (a) from Proposition 12.71 and (1571) follows from 
applied on T = {(ni, . . . , rifc) : fc G N U {0}}. 

Hence, the spaces span{e„i^...,„j^ : k G NU{0}} and span{e*^^ „^ : k G NU{0}} 
are isometric to F and span{/j*, , . . . } which are universal due to (3) and (4) from 
Proposition 14.81 This proves (a). 

Let us prove (b). Assume that (b) does not hold for a non-empty well-founded 
tree T. It means that the dual of 

PtE = spaSje,, : rj e T} 

is not Frechet smooth. 

Let (ni,...,n;) G N^^. By Lemma [23KB) and condition (b) from Proposition 
I2.7[ we have 

PTEni,...,ni = ^{PTEni,...,ni,k) 
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where 

El, — span{e^ : rj C i' or v C i]} . 
By conditions (1) from Proposition 14.81 and (d) from Proposition 12. 7[ we have 



E 



> 

for J2ri£N<" ''^v^v S -E'ni, --,"; • Hencc, it follows from ((68)) and Proposition 13.61 that 

(69) Vfc : {PTEn,,...,„i,ky is F-smooth ^ (Pr -En^, ...,„, )* is F-smooth. 

Now, using and the assumption that the dual of PtE — PrEijj is not Frechet 
smooth, one can construct a sequence ni, n2, . . . of natural numbers such that the 
dual of PTEni,...,ni is not Frechet smooth for each I e NU{0}. As T is well-founded, 
there is I such that (ni, . . . , ni) ^ T. For some L < I, we have 

PTEm,...,ni = span{e„i,...,„, : < i < L}. 

The space PTEni,...,ni is finite-dimensional in particular. By (|66p. it is isometric 
to span{/i+i : < i < L}, so it is strictly convex by (2) from Proposition 14.81 Its 
dual is Gateaux smooth [21 Fact 8.12]. Since the Gateaux and Frechet smoothness 
coincide for finite-dimensional spaces, the dual of PTEni,...,ni is Frechet smooth. 
This is a contradiction, and (b) is proved. □ 

Corollary 5.2. There are Borel mappings $,'1' : Tr ^ S£{C{[Q, 1])) such that 

(a) if T is ill-founded, then $(r) and '^{T) are isometrically universal for all 
separable Banach spaces, 

(b) ifT is well-founded, then ($(r))* and 5'(r) are reflexive and Frechet smooth. 

Proof. Let 

/:£;-> C([0, 1]) and J : spanje; : 77 £ N<''} ^ C([0, 1]) 
be isometric embeddings. For a tree T, let 

$(T) = /(span{e^:77er}), 

*(r) = J(span{e; : ?7 e T}), 

where span0 is defined as {0} (cf. this with the construction of E{d) in [2, p. 169] 
or with the analogical constructions in [3| ITO l fT3 ] ) . 

The mappings are Borel, since, for an open V C C([0, 1]), the sets {T e 
Tr : $(T) nV ^ 0} and {T 6 Tr : *(r) n F ^ 0} are open in Tr. This can be 
checked via 

$(T) n V" ^ ^ 3M C finite, /(span{e,, : 77 G M}) nV : M CT 

and the analogical equivalence for ^P. 

Our condition (a) is an immediate consequence of condition (a) from Theo- 
rem [53] Similarly, the part of (b) concerning ^(T) is a consequence of (b) from 
Theorem 15.11 and the fact that a space is reflexive if its dual is Frechet smooth [9l 
Theorem 8.6]. To prove the part of (b) concerning ^'(r), it is sufficient to realize 
that ^(T) embeds isometrically to (^(T))* by equality (|65l) which was proved in 
the proof of Theorem 15.11 □ 



Remark 5.3. Using Corollarv l5.21 one can show that the families of Frechet smooth 
spaces and of spaces with Frechet smooth dual are coanalytic non-Borel (cf. with 
[21 Corollary 3.3]). The same holds for the Gateaux smoothness. 
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Theorem 5.4. Let X be a separable Banach space. If one of the conditions 

• X contains an isometric copy of every separable Banach space with Frechet 
smooth dual space, 

• X contains an isometric copy of every separable reflexive Frechet smooth 
Banach space, 

is satisfied, then X is isometrically universal for all separable Banach spaces. 

Proof. We just follow the lines of the proof of [TUl Theorem 9]. By [101 Lemma 
7(ii)], the set 

A={Y e SS{C{[Q, 1])) : X contains an isometric copy of y } 

is an analytic subset of 5f (C([0, 1])). 

Let $ and be as in Corollary 15.21 The sets '^~^{A) and '^^^{A) are analytic 
(see, e.g., [T31 (14.4)]) and, by the assumption of the theorem, one of them contains 
all well-founded trees. This one contains an ill-founded tree, as the set of well- 
founded trees is not analytic (see, e.g., [UJ (27.1) and the comment below (22.9)]). 
Hence, A contains a space which is isometrically universal for all separable Banach 
spaces. □ 
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